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Let V be a finite set of r elements. A covering of the pairs of V by k-subsets is a 
family F of k-subsets of V, called blocks, such that each pair in V occurs in at least 
one member of F. For fixed o and k, the covering problem is to determine the num- 
ber of blocks in any minimum (as opposed to minimal) covering. We will denote 
the number of blocks in any minimum covering by C(V, k, 2). In this paper, we 
show that C(v, 5, 2) can be determined for t> = 1 and 2 module 4 with a lower 
bound on c’. 1’ 1987 Academic Press. Inc. 
1. INTRODUCTION 
Let I/ be a finite set of elements. A covering of the pairs of V by k-sub- 
sets is a family F of k-subsets of V, called blocks, such that each pair in V 
occurs in at least one member of F. For fixed u and k, the covering problem 
is to determine the number of blocks in any minimum (as opposed to 
minimal) covering. We will denote the number of blocks in any minimum 
covering by C(u, k, 2). 
A well-known lower bound for C(v, k, 2) is ro r(v- l)/(k- l)l/kl 
(Schonheim [16]). Let L(v, k, 2) denote rv r(v - l)/(k- 1)1/k]. Fort and 
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Hedlund [ I] have shown that (. ‘i I‘. 3. 2) = L( I’. .i. 2 I for all posttivr mtegers 
r ,a 3. Recently. a simple proof’ CA this result was provided b\ Stanton and 
Rogers [ 141. It is more difficult to determine C’(P, 4, 2). W. If. Mills 
[ 1 I. 121 has proved the following: c‘( c. 4, 2) = I,([%, 4. 2) for all positive 
integers !I>, 4 and 1’ # 7, 9, 10 or 19. C( L’, 4. 2 ) = t( I’. 4, 2) + ! for 1 ‘:. 9, 
and 10 and C’( 19, 4, 2) = L( 19. 4. 2) + 2. There are only partial results 
known for C(P, 5, 2). In this paper, we show that C’(z;. 5, 2) can be deter- 
mined for u = 1 and 2 modulo 4 with a lower bound on L’. Before summariz- 
ing the previously known results on C(U, 5, 2) we note that if each pair in 
V occurs in precisely one block of F, the covering is called exact. An exact 
system is also known as a (1:. A-. 1 )-BIBD. 
The exact systems for block size 5 are well known. If a (c, 5, 1 )-BIBD 
exists, then C(r, 5, 2) = Liz:, 5, 2 ). Hanani [4] has shown that (I‘. 5. i )- 
BIBDs exist if and only if z’ E I or 5 (mod 20) and I’ > 5. By adding a new 
element to an exact system on r - 1 elements, it is easy to show that 
C(P, 5, 2) = L(v, 5, 2) for I’ 5 2 or 6 (mod 20). This is a special case of a 
result due to Schonheim [ 161. This result has been extended [I, 2. 3. IO] 
and can be used to determine UP, 5, 2) in certain cases. 
THEOREM 1.1. [I’ z?- 1 (mod 4) und if C(V. 5, 2)= L(t). 5, 2) rhrn 
C(lJ+ 1, 5,2)=L(o+ 1, $2). 
B. Gardner ([2], [3]) has determined that C(c, 5,2) = L(c, 5, 2) for 
several congruence classes of c’ module 100: c = 10, 14, 17, 18, 30, 94, 97. 98 
(mod 100) and t’# 17, 30, 94, 110, 114. 130, 194, 210, 230. In addition, 
Gardner proved that C(o, 5,2) 3 L(v, 5,2) + 1 for 1: = 13 (mod 20) and that 
C(v, 5,2)=L(u, 5,2)+ 1 for o- 13, 93 (mod 100) and 1;~ 13, 93, 113, 193, 
213. Gardner’s constructions make use of the existence of three mutually 
orthogonal Latin squares of certain orders. Now that Wang and Wilson 
(see Wallis [ 181) have shown that such squares exist for all orders II > 14, 
Gardner’s results can be extended to include these cases except for 
c = 13, 17, 30. Thus, we have the following. 
LEMMA 1.2. C(v, 5, 2) = L(o, 5, 2) Jbr all u- 10, 14, 17, 18, 30, 94, 97, 
98 (mod IOO), u# 17, 30, andC(u, 5, 2)= L(v, 5, 2)+ 1 .for all v- 13 and 93 
(mod loo), u # 13. 
C(u, 5, 2) is also known for all u Q 23 (see recent tables in [2,9] for com- 
plete references). 
The purpose of this paper is to improve these results to determine 
C(u, $2) for u = 1 and 2 (mod 4) with a lower bound on u. In the next sec- 
tion, recursive constructions for coverings using group divisible designs are 
given, We apply these results to the cases u z 9, 10, 13, 14, 17, and 18 
(mod 20) in Section 5. In Section 3, a construction analogous to a con- 
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struction used for the coverings of pairs with quadruples by Horton, Mul- 
lin, and Stanton [7] is given. This result is used to determine C(u, $2) for 
some small values of u which are required for the recursive constructions. 
Since the main construction used for u = 9, 13, and 17 (mod 20) is recur- 
sive, the lower bounds on u in these cases could be improved if the covering 
numbers of some smaller values of u were known to meet the Schonheim 
lower bound. Unfortunately, C(u, 5, 2) # L(u, 5, 2) for u = 9, 13, 17, and 29. 
In Section 6, we give bounds for C(u, 5,2), for u = 29, and u = 53. These 
results are obtained by using some special resolvable designs. Finally, we 
summarize the results known for C(u, 5,2) and u = 1 and 2 (mod 4) in the 
last section. 
2. CONSTRUCTIONS USING GROUP DIVISIBLE DESIGNS 
Group divisible designs and pairwise balanced designs can be used to 
construct coverings. We will use the following definitions and results. V will 
be a finite set of u elements and K will be some subset of positive integers. 
A pairwise balanced design, denoted PBD(u; K), is a collection B of sub- 
sets (called blocks) of V such that every pair of distinct elements of I/ is 
contained in precisely one block of B and for each b E B, 1 b ( E K. 
A group divisible design (GDD) is a collection B of subsets (called 
blocks) of size k, k E K, taken from V along with a partition of V into 
groups G,, G, ,..., G, such that 
(1) any two elements from distinct groups are contained in precisely 
I,, blocks of B, 
(2) any two distinct elements from the same group are contained in 
exactly 1, blocks of B (I, < A,). 
We denote such a design by GD(u; K; Cl, G2,..., G,; A,, &). Let M be a 
subset of positive integers such that 1 Gi 1 E M for i = 1, 2,..., m. In this case, 
we denote the design by GD(u; K; M; 2,) 2,). If an element of K or M is 
starred, this means that there is exactly one block or group of this size in 
the design. If K= {k} or M= (m}, we denote the design by GD(u; k; M; 
I,, 2,) or GD(u; K; m; A,, A,), respectively. 
A transversal design with k groups of cardinality n, denoted by TD(k, n), 
is a GDD which has k groups of size 12, block size k, A, = 0 and ;1, = 1. We 
will use the following lemma, which is a combination of known results [S, 
15, 17, 191. 
LEMMA 2.1. Zf n is a positiue integer, n E 0 or 1 (mod 5), n # 6, 10, 20, 
26, 30, then there exists a TD(6, n). 
Group divisible designs with block size k are useful in constructtng 
coverings of pairs with k-subsets. Let G be a GD( 1’; k; G, . <;, . . . . . G‘,,, : 0, 1 ) 
defined on a II-set V and let B he the collection of blocks of (J’. Let (’ bc a 
covering of the pairs of G, with blocks of size h. Then, the collection of 
blocks Bu IJ:‘! , C’, is a covering of the pairs of lfr with blocks of siLc h. 
This technique was used in determining C(V. 4 , 2) and in the original proof 
of c’(v, 3. 2) [IO J. We apply it to constructing coverings with 5-subsets. We 
first construct a group divisible design with block size 5 from a TD(6. m). 
LEMMA 2.2. [f’ there exists (I TD(6, m) unci I is an integer .~uch rhot 
0~ t <m, then there exists u GD(20m +4t: 5; {4m, (4t)*j; 0. 1). 
Proof: Delete m - t elements from one group of a TD(6, m). The 
resulting design D is a GD( 5m + I; { 5, 6 ); i m, t* 1; 0, 1). Let D be defined 
on the set X, where /X( = 5m + /. We construct E, a GD(20m + 4r; 5: (Jm, 
(4t)*}; 0, 1) on Xx {l, 2, 3. 41, as follows. If G is a group of D, then 
G x ( 1, 2, 3, 4 1 is a group of I?‘. The collection of blocks for E is obtained 
by replacing each block C of D with the blocks of a GD(4 j c’j ; 5; 4; 0, 1) 
constructed on the set Cx { 1, 2, 3, 4) with groups (cj x [ I. 2, 3, 4 r for 
c E C. To construct a GD(20; 5; 4; 0, I ), we delete one element from a (21, 
5, I)-BIBD and use the resulting blocks of size 4 as the groups of the 
GDD. Similarly, to construct a GD(24; 5; 4; 0, 1 ) we delete one element 
from a (25, 5, I)-BIBD. 1 
COROLLARY 2.3. Let m and I be positive integer.v .such that 0 ,< t < m und 
there exists a TD(6, m). [f there is a (4m + 1, 5. 1 )-BIBD and C(4t + I, 5, 
2) = L(4t + 1, 5, 2) + s where s is u nonnegutice integer, then C(20m + 4t + 1. 
5, 2),<L(20m+4t+ 1, 5,2)+x 
Pro@ Add a new element s to all groups of the GD(20m + 4t; 5; (4m, 
(4t)*j; 0, 1) constructed in Lemma 2.2. The resulting design will be a 
PBD(20m + 4r + 1; {5, 4m + 1, (4t + l)* 1) with 16m’ c 8tm blocks of size 
5. Replace each block B of size 4m + 1 with the blocks of a (4m + I, 5, l)- 
BIBD defined on the elements of B and replace the block B’ of size 4t + 1 
with the L(4t + 1, 5, 2) + s blocks of a covering of the pairs of the elements 
of B’ with subsets of size 5. This gives a covering of the pairs of a 
20m + 4t + 1 set with 20m’ + 8tm + m + r((4t + 1) t/5)1 + s blocks or 
L(20m + 4t + 1, 5, 2) + s blocks of size 5. 1 
COROLLARY 2.4. Let m and t be positive integers such that 0 < t < m und 
there exists a TD(6, m). If there is a (4m + 1, 5, l)-BIRD and C(4t + 2, 5. 
2) = L(4t + 2, 5, 2) + s where s is u nonnegative integer, then C(2Om + 4t + 2, 
5, 2)<L(20m+4t+2, 5, 2)+s. 
COVERINGS OF PAIRS BY QUINTUPLES 53 
Proof Add a new element x to all groups of size 4m of the 
GD(20m + 4t; 5; {4m, (4t)*}; 0, 1) constructed by Lemma 2.2 and replace 
each of these (4m + I)-element sets with the blocks of a (4m + 1, 5, l)- 
ELIBD. To the group of size 4t we add both x and an additional new 
element y to obtain a (4t + 2)-element set B’. Replace B’ with the C(4t + 2, 
5, 2) blocks of a covering of its pairs by quintuples. We add 5m new blocks 
to cover the remaining pairs { y, IX} with CI $ B’. This gives a covering of the 
pairs of a (20m + 4t + 2)-element set with L(2Om + 4t + 2, 5, 2) + s blocks 
of size 5. 1 
Corollaries 2.3 and 2.4 will be the main constructions used in our 
applications. There are two other constructions for coverings with 5-subsets 
using Lemma 2.2. We state these without proof. 
COROLLARY 2.5. Let m and t he positive integers such that 0 < t <m and 
Ihere exists a TD(6, m). If there exists a PBD(4m + 1; { 5, l*}) and a 
I?BD(4t + 1; (5, I*}) and C(1, 5, 2) = L(1, 5, 2) + s where s is a nonnegative 
integer, then C(20m + 4t + 1, 5, 2) < L(20m + 4t + 1, 5,2) + s. 
COROLLARY 2.6. Let m and t be positive integers such that 0 d t 6 m and 
[here exists a TD(6, m). Then C(20m+4t, 5, 2)f24mt + 16m(m- t)+ 
:5C(4m, 5, 2) + C(4t, 5, 2). 
3. A CONSTRUCTION USING INCOMPLETE ORTHOGONAL ARRAYS 
Let V be a finite set of size n. Let K be a subset of size k of V. An incom- 
plete orthogonal array IA(n, k, s) is an (n* -k2) x s array written on the 
symbol set V’ such that every ordered pair of symbols in V x V- (K x K) 
occurs in any ordered pair of columns in the array. We may think of an 
lA(n, k, s) as a set of s - 2 mutually orthogonal Latin squares of order n 
which are missing a subsquare of order k. We need not be able to fill in the 
k x k missing subsquares with Latin squares of order k. 
The following construction is analogous to a construction used by Hor- 
ton, Mullin, and Stanton in [7] for covering the pairs of a v element set 
with quadruples for v = 10 and 11 (mod 12). We require the existence of 
resolvable (v, 4, 1 )-BIBDs. A necessary condition for the existence of a (v, 
4, I)-RBIBD is v =4 (mod 12). Hanani, Ray-Chaudhuri, and Wilson [6] 
have shown that this is also sufficient. 
LEMMA 3.1. Let n, a, and s be nonnegative integers and 0 d a < 4n + 1. Jf 
there exists an IA(12n+4+a, a, 5) and if C(4n+4a+ 1, 5, 2)= 
L(4n+4u+I, 5, 2)+.s, fkn (‘(64n+4rr+21. 5. 2)<L(64t7i4Nm! ,11, i 
2 ) $- .P. 
Proof: Let V= ( 1, 2 ,..., 12n -i- 4 ] and .4 = (1, 2,.. , (11. Let b’, = i 1:. 2 ,,., 
(12n+4),j and A,= [i,, 2,: . . . . L;,: for i= I, 2,~... 5, 
Let D be a (12n + 4, 4, 1 )-RBIBD defined on C’ and let K, : Rz ._.., R+, I , 
denote the resolution classes of II. If u > 0, add a new element i to each 
quadruple in Rj for i = 1, 2,..., N. This construction yields a system S( V; A) 
consisting of blocks of size 4 and 5 with the property that every pair of 
elements from Vu A occurs in some block of the system with the exception 
of the pairs (1 J> for C 7~ A. 
We next use the same construction to build five systems S,( k’,; .A,) for 
j= 1, 2,..., 5. For i = c1+ l,.... 4n + 1, add a new element i to each quadruple 
in each of the five copies of R,. This results in a collection B, of 
5(3n + 1)(4n + 1) blocks of size 5 with the property that every pair of 
elements from V, u A, occurs in some block of B, with the exception of the 
pairs {CC,, PI) for CX,, p, E A, and 1 < i 6 5. We must also cover all pairs of 
different subscripted elements. 
We use the IA( 12n+ 4 + u, (I, 5) to cover the pairs of the form {x,, r, 1 
for Z;E V,, t(,~ V, (ifj) and {a,, (3,) for a;~ V,, /$,EA; (i#j) with blocksof 
size 5. We will consider the IA(12n+ 4+a, N, 5) as three mutually 
orthogonal Latin squares of side 12n + 4 + a which are missing a subsquare 
of side a in the upper left-hand corner. (The subsquare of side a need not 
exist.) Let M, , Mz, and M, be the three mutually orthogonal Latin 
squares and let M, be written on the symbol set V,u A, where the sub- 
square of side a is defined on the symbol set A,. Let M be the superposition 
of the arrays M,. MZ, and M,. Index the rows of it4 by the elements of 
A4 u V4 and the columns of M by the elements of A, u V,. Add the 
elements of A, u V, and A, u P’, to M as follows: 
1. If a cell in the row labeled x is nonempty, add x to each triple in 
that row. 
2. If a cell in the column labeled y is nonempty, add y to each subset 
in that column. 
This construction yields a collection B, of (12n + 4 + a)’ - a’ blocks of 
size 5 with the property that each of the pairs {ai, LX,} for GI,E Vi, a,~ V, 
(ifj) and {q, B,} f or O~,E Vi, 8, E A, (i#j) occurs in some block of B,. -- 
To cover the remaining pairs of UT=, (ViuA,)u {a+l,..., 4n+l& 
take the blocks of a covering of the pairs of the set (Jim t A, u (a + 1, -- 
a + 2 ,..., 4n + 1 } with blocks of size 5. 
We have now constructed a covering of the pairs of U,‘_, ( Vi u A i) u -- 
{a + l,..., 4n + 1 ) with 1 B, 1 + I B2 ( + C(4n + 40 + 1, 5, 2) blocks of size 5. 
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Let C(4n +4a+ 1, 5, 2)=L(4n+4u+ 1, 5, 2)+s. It is easy to verify that 
C(64n+4a+21, 5, 2)<jB,)+(B,I+C(4n+4a+l, 5, 2)<L(64n+4a+ 
21, 5, 2)+s. 1 
A modification of the construction in Lemma 3.1 leads to the following. 
Corollary 3.2. Let n, a, and s he nonnegative integers and 0 < a < 4n + 1. 
Zf there exists an IA(12n+4+a, a, 5) and if C(4n +4a + 2, 5, 2) = 
L(4n + 4a + 2, 5, 2) + s, then C(64n + 4a + 22,5,2) < L(64n + 4a + 22, 5, 
2)+s. 
Proof: Let Vi, Ai (i= 1, 2,..., 5) and B, and B, be as defined in the -- 
proof of Lemma3.1. Let W=u~=, (VjuA,)u{a+l,..., 4n+l}u{co}. 
Let 8, be the C(4n + 4a + 2, 5, 2) blocks of size 5 of a covering of the pairs -- 
of U:=, A,u {a+ l,..., 4n + 1 } u {cc }. Partition the elements of U:= I V, 
into subsets of size 4 and add the element cc to each of these quadruples. 
This will give a collection B, of 15n + 5 blocks of size 5 which contain each 
of the pairs {cc, CX} for c( E u:=, Vi. The collection of blocks B, u B, u 
B, u B, is a covering of the pairs of a 64~ + 4a + 22 set with L(64n + 4a + 
22, 5, 2) + s blocks of size 5. Thus, C(64n + 4a + 22, 5, 2) < L(64n + 4a + 22, 
5,2)+x. 1 
We use Lemma 3.1 and Corollary 3.2 to determine C (v, 5, 2) for some 
small values of v which we need in Section 5. 
LEMMA 3.3. C(v, 5, 2)=L(v, 5, 2)for v=90, 150, 154, 158 and 557. 
Proof: Since there exists an IA(17, 1, 5) and C(10, 5, 2) = L(10, 5, 2) 
by Corollary 3.2 with n = a = 1, C(90, 5, 2) = L(90, 5, 2). By applying 
Corollary 3.2 with n = 2, and n = 2, and a = 1 we show that C(v, 5, 2) = 
L(u, 5, 2) for v = 150 and 154, respectively. Since there exists an IA(30,2, 5) 
[20] and C( 18, 5, 2) = L( 18, 5, 2) by Corollary 3.2 with n = a = 2, C( 158, 
5, 2) = L( 158, 5, 2). Finally, let n = 7 and a = 22 in Lemma 3.1. There exists 
an IA( 110, 22, 5) and C( 117, 5, 2) = L( 117, 5, 2) by Lemma 1.2. Thus, we 
have C(557, 5, 2) = L(557, 5, 2). 1 
4. DIRECT CONSTRUCTIONS 
In this section we will use direct constructions to show that C(u, 5, 2) = 
L(v, 5, 2) for ten values of u. 
LEMMA 4.1. C(u, 5, 2) = L(v, 5, 2)for v = 30, 34, 50, 58, 74, 78, 138, 170, 
174, and 178. 
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Proqf: “v = 30” We have L( 30. 5, 3) = 48. We take our ccl to he the %er 
of all pairs (i.,j) where i is an integer modulo IS and j is I or 2. WC take the 
48 blocks: 
(0,l) (3,l) (6, II (9. 1) (12.11 mod(15,-1period.i 
(0, 1) (0,2) (1, 2) (3,2) (7,2) mod (15.-j 
(0,l) (I,]) (5,l) (10,2) (1?,2) mod(lS,-) 
(0,l) (2,1) (8.1) (4,2) (14.2) mod(lS,-J. 
Here the notation (x, y) mod ( )v,~-) means that J is fixed and that we add 
an arbitrary constant modulo u’ to .Y. These 48 blocks cover all pairs so 
that C(30, 5, 2) = 48. 
“v = 34” We have L(34, 5, 2) = 62. Delete one element from a TD(5,7) to 
obtain a GDD on 34 elements. Let the points of this GDD be the set of all 
pairs (i, j), 0 < i< 4, 0 <j< 6, (i,,j) # (4, 6). We take the group Gj to consist 
of the points (i, j). Thus G, has 6 points and the other groups have 7 points 
each. Of the 49 blocks in the GDD, 42 are quintuples and the other 7 are 
quadruples. We arrange the design so that the 7 quadruples are 
(O,.j) (13.i) (2,j) (3,.0, 
with 0 <j < 6. 
We will give a set of 60 quintuples and two quadruples that covers all 
pairs of this GDD. The 60 quintuples are the 42 quintuples from the GDD 
and the following 18 quintuples 
(i,O) (i, 1) (i. 2) (i 3) (i,4) 1 <i<4 
(LO) (z’,l) (i,2) (i,5) (i,6) l<i<3 
(i, 3) (i, 4) (i, 5) (i, 6) (0, 6) 161’63 
(4,o) (4,u (4,2) (4,3) (4,5) 
(4,4) (455) (1,6) (296) (3-6) 
(O,Oj (0. 1) (074) (035) (036) 
(032) (033) (094) (0,5) (0>6) 
to,01 (1,O) (2,O) (320) ((42) 
ml) (171) (291) (3,l) (0,3) 
(0,2) (1,2) (Z2) (3,2) (0, 1) 
(0,3) (133) (233) (333) ((40) 
The two quadruples are 
(0,4) (1,4) (2,4) (3,4) 
c-25) (45) (2,5) (3,5). 
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This collection of 60 quintuples and 2 quadruples covers all pairs so that 
C(34, 5, 2) = 62. 
“u = 50” We have L(50, 5,2) = 130. Here we use the set of 50 pairs (i, j) 
where i is an integer modulo 25 and j is 1 or 2. We take the 130 blocks: 
(0, 1) (5, 1) (10, 1) (15, 1) (20, 1) mod (25,-)period 5 
(0, 1) (1, 1) (3, 1) (lo,21 (16,2) modP,-) 
t&l) (491) (13, 1) (1092) (2492) modW,-) 
to, 1) (6,l) (14, 1) C&2) (l&2) modG%-) 
(0, 1) (7, 1) (5,2) (17,2) (21,2) mod (25,-) 
(0, 1) ((42) (1,2) (3,2) (8,2) mod (25,-). 
These 130 blocks cover all pairs so that C(50, 5, 2) = 130. 
“U = 58” We have L(58, 5,2) = 174 = 3.58. We take our set to be the 
integers modulo 58 and use the 174 blocks 
0 1 2 8 19 mod 58 
0 3 12 32 36 mod 58 
0 5 15 28 42 mod58 
These 174 blocks cover all pairs so that C(58, 5, 2) = 174. 
“t’ = 74” We have L(74, 5,2) = 282. We take the set of pairs (i, j) where i 
:IS an integer modulo 35 and j is 1 or 2. To this set we adjoin four special 
(elements W, X, Y, Z. We will give a collection of 281 quintuples and one 
(quadruple that covers all pairs of this 74 element set. The quintuples are 
x 
W 
x 
Y 
Z 
(09 1) 
(031) 
(0, 1) 
(0, 1) 
(0, 1) 
(0, 1) 
Z 
(2i, 1) 
(2i+ 1, 1) 
(% 1) 
(4i+ 2, 1) 
(391) 
(6, 1) 
(8, 1) 
(ll,l) 
(14,l) 
(17,l) 
(0, 1) 
(2i+ 1, 1) 
(2i + 2, 1) 
(4it 2, 1) 
(4i+4,1) 
(7, 1) 
(29 2) 
(1632) 
(14,2) 
(692) 
(22,2) 
(03 2) 
Pi, 2) 
(2i+ 1,2) 
(4i+ 13,2) 
(4i+ 15,2) 
(12, 1) 
(1% 2) 
(28,2) 
(24,2) 
(2172) 
6’62) 
(13,2) 
(2i + 1,2) 
(2i + 2, 2) 
(4i+ 15,2) 
(4i + 17,2) 
(22,l) 
(23,2) 
(33,2) 
(30,2) 
(32,2) 
(29,2) 
i=o, l,..., 17 
i=O, l,..., 16 
i = 0, l,..., 17 
i = 0, l,..., 16 
mod (35,-) 
mod (35,-) 
mod (35,-) 
mod (35,-) 
mod (35,-) 
mod (35,-) 
and the quadruple is W X Y Z. This collection covers all pairs so that 
C(74, 5,2) = 282. 
‘I’= 78” We have L(78, 5. 2) = 3 I2 = 4.78. We use the XI of mtcgera 
module 78 and the 3 12 blocks 
0 2 + 9 20 (mod 7X) 
0 I 14 42 48 (mod 7X) 
0 2 22 45 53 (mod 7X) 
0 10 22 39 62 (mod 78) 
These 3 12 blocks cover all pairs so that C( 78, 5,2) = 3 12. 
“u = 138” We have L( 138,5, 2) = 966. We use the set of integers modulo 
138 and the 966 blocks 
0 1 49 76 130 (mod 138) 
0 2 23 24 69 (mod 138) 
0 35 94 109 122 (mod 138) 
0 5 47 77 102 (mod 138) 
0 70 73 107 126 (mod 138) 
0 7 95 128 134 (mod 138) 
0 60 86 100 118 (mod 138) 
These 966 blocks cover all pairs, so that C( 138. 5, 2) = 966. 
“v = 170” We have L( 170, 5,2) = 1462. We use the set of integers modulo 
170 and the 1462 blocks 
2i 2i+ 34 
2i+ 1 2i+ 12 
0 1 
0 69 
0 86 
0 18 
0 35 
0 52 
0 17 
0 19 
2i+68 
2i$35 
71 
107 
22 
43 
119 
45 
24 
2i+ 102 2i+ 136 i=O, I,..., 16 
2i+58 2i+69 i = 0, l,..., 84 
10 88 (mod 170) 
109 129 (mod 170) 
123 156 (mod 170) 
54 126 (mod 170) 
85 140 (mod 170) 
145 158 (mod 170) 
76 91 (mod 170) 
114 141 (mod 170) 
These 1462 blocks cover all pairs so that C( 170, 5,2) = 1462. 
“v = 174” We have L( 174, 5, 2) = 1532. We take the set of integers 
modulo 170. To this set we adjoin four special elements W, X, Y, 2. We 
will give a collection of 1530 quintuples and two quadruples that covers all 
pairs of this 174 element set. The quintuples are 
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W 2i 2i+l 2i+85 2i+ 86 i = 0, l,..., 42 
x 2i+l 2i+2 2i+86 2i+ 87 i=O, l,..., 41 
Y 6i 6i+3 6i+85 6i+88 i = 0, l,..., 42 
Z 6i+3 6i+6 6i+88 6i+91 i = 0, l,..., 41 
0 37 44 92 102 (mod 170) 
0 12 103 109 156 (mod 170) 
0 5 18 111 139 (mod 170) 
0 35 39 143 159 (mod 170) 
0 19 21 90 119 (mod 170) 
0 17 41 130 155 (mod 170) 
0 34 54 128 161 (mod 170) 
0 22 52 60 147 (mod 170) 
a.nd the quadruples are W X Y Z and XZO 85. This collection covers all 
pairs so that C( 174, 5, 2) = 1532. 
“u = 178” We have t( 178, 5, 2) = 1602. We use the set of integers modulo 
178 and the 1602 blocks 
0 1 61 91 98 (mod 178) 
0 2 68 96 154 (mod 178) 
0 3 8 137 166 (mod 178) 
0 4 39 89 172 (mod 178) 
0 9 32 109 131 (mod 178) 
0 11 75 113 138 (mod 178) 
0 13 27 46 157 (mod 178) 
0 15 31 74 136 (mod 178) 
0 17 72 124 142 (mod 178) 
These 1602 blocks cover all pairs so that C( 178, 5, 2) = 1602. 1 
5. APPLICATIONS 
In this section, we apply the results of the previous section to determine 
C(u, 5,2) for II s 9, 10, 13, 14, 17, and 18 (mod 20) with a lower bound on 
u in each case. The main constructions used, Corollaries 2.3 and 2.4, are 
recursive and we will require the covering number C(v, 5, 2) for some small 
values of II. The following result will be useful. 
L~;MMA 5. I. I,rt .Y und II hr r7otinfyuti7~c. tr7tvg~1.i. 
(i) If i’(4~1+1.j.1)=--/.t;lr7+1.~. Jic.\. ?/leff 
C’(16n+5,5,2)< i,(16~+5,5.2)-t). 
(ii) If’ C ‘(417 + 2, 5, 2 j = 0 417 + 2. 3, 7 1 -t .;:. r/w7 
C(16n+6, 5,2)< L(I6n+5. 5. 2).ts. 
(iii) If ~‘(2On+18,5.2)-=z~(2On+lX,5,2). fllC17 
C( 1 OOn + 90, 5, 2) = I,( 1 OOn + 90. 5, 2 ), 
Prooj: Let n be a positive integer and l’= ( I, 2,..., 12n + 41. Let D be a 
(12~ + 4, 4, 1 )-RBIBD defined on V and let R!, R2 ,..., R4,,-+ , denote the 
resolution classes of D. (See [6] for the existence of ( 12n -+ 4,4. I l- 
RBIBDs.) Add a new element u, to each quadruple in the resolution class 
R, for i = 1, 2,..., 4n + 1. Let B, denote the resulting collection of 5-subsets. 
Let B2 be the collection of blocks of a covering of the pairs of (c(, , Ed..... 
x,,,+ , } with L(4n + 1, 5, 2) + s blocks of size 5. Then B, IJ Bz is a covering 
of the pairs of Vu ia,, c(? ,.... x4,! , , ) with L( 16n + 6, 5, 2) + .v blocks of 
size 5. 
Let X be an additional element, and let B, be the collection of blocks of 
a covering of the pairs of [g,, X, ,..., z+~+ , , X) with L(4n + 2. 5, 2) + .s 
blocks of size 5. Let B, be the set of 3n -t- 1 blocks of size 5 obtained by 
adjoining X to each quadruple in one of the resolution classes, say R,. 
Then B, u B, u B, is a covering of the pairs of Vu (a,, x2 ,.... x4,) , !, Xi 
with L( 16~2 + 6) + s blocks of size 5. 
Gardner [Z] has shown that if C(20n + 18, 5, 2)=L(2On+ 18, 5, 2) and 
if there exist three mutually orthogonal Latin squares of order 20~ + 18, 
then C( lOOn -t 90, 5, 2 ) = L( 1OOn + 90, 5, 2). Since Wang and Wilson 
(see [18]) have shown that such mutually orthogonal Latin squares exist, 
(iii) follows immediately. 1 
LEMMA 5.2. C(c, 5, 2) = L(v, 5, 2)f br I: = 38, 54, 70, 134, 278. 389, 390, 
469, und 2229. 
Prooj: We apply Lemma 5.1 part (ii) with s = 0 and a = 2, 3, 4, 8, 24, 
and part (i) with s = 0 and n = 24, 29, 139. Here Lemmas 1.2, 3.3, and 4.1 
give us C(4n+2, 5, 2)=L(4n+2, 5, 2) for n=2, 3, 4, 8, 24 and C(4n+ 1, 
5, 2) = L(4n i- 1, 5, 2) for n = 24, 29, 139. This gives us our result for 
u # 278. We now have C(70, 5, 2) = L(70, 5, 2) so that we can apply 
Lemm 5.1 (ii) again with n = 17 to obtain C(278, 5, 2) = L(278, 5, 2). n 
LEMMA 5.3. C(v, 5, 2) = L(v, 5, 2) + 1 jbr D= 373 and 453. 
Proof. Using Lemma 1.2, we apply Lemma 5.1 (i) with s = 1 and n = 23 
and 28 to obtain the result. 1 
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We first consider the case u = 9 (mod 20). Recall that a TD(6, m) exists 
for m ~0 or 1 (mod 5) m > 31 (Lemma 2.1). 
LEMMA 5.4. Let n be a positive integer. 
(i) Zfn > 24, then C( lOOn+ 9, 5,2) = L( 1OOn + 9,5,2). 
(ii) Ifn > 134, then C( lOOn + 29,5,2) = L( 1OOn + 29,5,2). 
(iii) [fn > 134, then C( 1OOn + 49, 5, 2) = L( lOOn + 49, 5, 2). 
(iv) !fn > 28, then C( 1OOn + 69, 5,2) = L( lOOn + 69, 5,2). 
(v) [fn > 23, then C( 1OOn + 89, 5,2) = L( 1OOn + 89, 5,2). 
Proof: To prove (i), let t =97 and m = 5y-4 where ~321 in 
Corollary 2.3. Since there is a (2O(y- 1) + 5, 5, l)-BIBD for y3 21 
and C(389,5,2) = L(389,5,2) (Lemma 5.2) C( 1ooy + 309, 5,2) = 
L( 100~ + 309, 5, 2). Similarly, we apply Corollary 2.3 with the following 
parameters to prove (ii))(v): (ii) t= 557 and m= 5y where y> 112, (iii) 
t=557andm=5y+l wherey2112, (iv)t=117andm=5ywherey>24 
and (v) t = 97 and m = 5y where y 2 20. i 
Combining these results, we have the following. 
THEOREM 5.5. I” u = 9 (mod 20) and c >, 13,400, then C(u, 5,2) = 
uu, 5, 2). 
THEOREM 5.6. If u E 10 (mod 20), u # 270, then C(u, 5,2) = L(u, 5,2). 
Proof. From Lemmas 1.2, 3.3, 4.1, and 5.2 we get C(u, 5, 2) = L(u, 5, 2) 
for all u E 10 or 30 (mod 100) as well as for u = 50, 70, 90, 150, 170, and 
390. By Lemma 5.1 (ii) with n = 2 and Lemma 4.1 we get C(38,5,2) = 
L(38, 5, 2) and C(58, 5, 2)= L(58, 5, 2). Lemma 5.1 (iii), with n = 1 and 2, 
now gives us C( 190, 5,2) = I,( 190, 5,2) and C(290, 5,2) = L(290, 5,2). 
Using Lemma 2.1, we apply Corollary 2.4 with (i) t = 7 and m = 5y + 1, 
y>,2, y#5, (ii) t = 12 and m= 5y+ 1, y> 3, y# 5, (iii) t = 17 and 
m = 5y + 1, y 3 4, y # 5. Finally we apply the same corollary with t = 12, 
17, 22 and m = 25 to obtain C(u, 5, 2) = L(u, 5, 2) for u = 550, 570, 590. 1 
LEMMA 5.7. Let n be a positiue integer. 
(i) Ifn>7, thenC(100n+33,5,2)=L(lOOn+33,5,2)+1. 
(ii) !f n > 27, then C( 1OOn + 53, $2) = L( 1OOn + 53,5,2) + 1. 
(iii) !fn>22,thenC(lOOn+73,5,2)=L(lOOn+73,5,2)+1. 
Proof: Apply Corollary 2.3 with (i) t = 28 and m = 5y + 1 where y 2 6, 
(ii) t=113 and m=5y where ~323 and (iii) t=93 and m=5y where 
.!J> 19. I 
Combining Lemma 5.7, Lemma 1.2. and Gardner’s results for I’ -;7 ii 
(mod 20). we have the following: 
THEOREM 5.8. (f’ 1: G 13 (mod 20) und I: 3 2, 700. ~12~ UC, 5. 2) = 
L(c. 5, 2) + 1. 
The next case to consider is P I 14 (mod 20). Using Lemma 1.2, we have 
C(v, 5,2) = L(u, 5,2) for 2; - 14 and 94 (mod 100). 
LEMMA 5.9. Let n be a nonrwgutiae integer. 
(i) If’n30, then C(100n+34, 5,2)= L( 1OOn + 34, 5, 2). 
(ii) Zfn30,thenC(lOOn+54,5,2)= L(lOOn+54,5,2). 
(iii) ~fn30,n#2,fhenC(1OOn+74,5,2)=L(lOOn+74,5,2). 
Proof: By Lemmas 1.2, 3.3, 4.1, and 5.2 we have C(o, 5, 2)= L(1;, 5, 2) 
for 0 = 14, 34, 54, 74, 134, 154, 174. We now apply Corollary 2.4 with (if 
t = 3 and m = 5y + 1 where ~‘3 2 and y # 5, (ii) t = 8 and m = 5~’ + 1 where 
y32 and yf5, and (iii) t=13 and m=5y+l where y>3 and y#5. 
Applying Corollary 2.4 with m = 25, t = 8, 13 and 18, we determine C( 534, 
5, 2)= L(534, 5, 2), C(554, 5, 2)= L(554, 5, 2), and C(574, 5, 2)= L(574. 
5, 2). I 
Combining the above results, we have the following: 
THEOREM 5.10. If u 3 14 (mod 20), II # 274, then C(c, 5, 2) = L(o, 5, 2). 
The last case to consider for v = 1 (mod 4) is c E 17 (mod 20). The next 
lemma takes care of the cases not done by Gardner. 
LEMMA 5.11. Let n be a positive integer. 
(i) Q”n>7? thenC(lOOn+37,5,2)=L(lWn+37,5,2). 
(ii) !f n > 33, then C( lOOn + 57, 5, 2) = L( IOOn + 57, 5, 2). 
(iii) [f’n 3 33, then C( 1OOn + 77, 5, 2) = L( 1OOn + 77, 5, 2 ). 
Proqj: Apply Corollary 2.3 with (i) t = 29 and m = 5y+ 1 where 
~36, (ii) f= 139 and m=5y whereya28 and (iii) t= 139 and m=5y-t- I 
where y 2 28. m 
Combining this result with Lemma 1.2, we have the following: 
THEOREM 5.12. Zj” II= 17 (mod 20) and 212 3300, then C(u, 5,2) = 
uu, 5, 2). 
Finally, we consider the case ZI = 18 (mod 20). 
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THEOREM 5.13. If u = 18 (mod 20) rhen C(o, 5,2) = L(u, 5,2). 
Proof. From Lemmas 1.2, 3.3, 4.1, and 5.2 we get C(v, 5, 2) = L(u, 5, 2) 
for all u 5 18 or 98 (mod 100) as well as for u = 38, 58, 78, 138, 158, 178, 
and 278. Using Lemma 2.1, we apply Corollary 2.4 with (i) t = 4 and 
nz=5y+ 1, y>2, yf5, (ii) t=9 and m=5y+ 1, ~32, yf5, (iii) t= 14 
a.nd m = 5y + 1, y > 3, 4’ # 5. Finally we apply the same corollary with f = 9, 
14, 19 and m = 25 to obtain C(t), 5, 2) = L(u, 5, 2) for v = 538, 558, 578. 1 
It should be noted that since the main construction used in this section is 
recursive, the lower bounds on u could be improved if the covering num- 
bers of some smaller values of u were known to meet the Schonheim lower 
bound. Unfortunately, for the smallest values of o in each of the cases 
~1 E 9,13 and 17 (mod 20), the Schijnheim bound is not met. We have 
C(9, 5, 2)=1,(9, 5, 2)+ 1 and C(u, 5, 2) = L(v, 5, 2)+2 for v= 13 and 17. 
In Section 6, we discuss the best known bounds for v = 29 and LI= 53. To 
illustrate how the bounds could be improved, suppose C(37, 5, 2) = 
1:(37, 5, 2). Applying Lemma 5.1 and Corollary 2.3 with f = 37 and m = 5~3 
~vherey38yieldsC(100n+49,5,2)=L(lOOn+49,5,2)forn~9. 
6. BOUNDS FOR C(a,5,2) USING BIBDs WITH MULTIPLE RESOLUTIONS 
In this section, we determine bounds for C(29, 5, 2) and C(53, 5, 2). 
These results are obtained by using balanced incomplete block designs with 
multiple resolutions. (For definitions and results on resolvable designs, see 
[6] or [S].) We include a generalization of the construction used to bound 
lC(53, 5, 2). 
FIG. 6.1.A resolvable (15, 3, I)-BIBD. 
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LEMMA 6.1. L(29. 5, 2)<(‘(29, 5.3)<1,(29, 5. 2)+ : 
Pro@. Gardner ([2, 31) has shown that (‘(29. 5, 2).> L(29, 5, 2). ILet ‘3 
be the 7 x 7 array of triples on the symbol set I ‘= (0, l,..., 6. ii. I,.... 6; ;.’ 
i , x ) in Fig. 6.1. The collection of triples obtained from the nonempty cells 
of A is a resolvable (15, 3. I)-BIBD. The rows of .4 form one resolution of 
the design and the columns of .-1 form a second resolution. 
Add a new element .Y, to each triple in column i of .4 for i = 1. 2..... 7. 
Add a new element y, to each subset in row i of A for i= 1, 2,.... 7. Let 
w= vu {X,) x2 )...) x,) u i-v,, ,l’> ,._.. .)’ , ). This construction yields 35 blocks 
of size 5 on W. Denote this collection of blocks by B, Let B, be the follow- 
ing collection of 9 blocks of size 5. 
{? 6,?‘,3 x2 \ 3 -y3> -ysj, I I , / .I 7, .)‘2, -yj, .x4, .y(, , . ( J‘, , J’ 1, x4, -1-5, .Yy’ ). 
{?‘1,.4,x.I,~~5,~~6}, 1 .l’I. J’s, x-2. s,, x7 i, j.l._l,I’,,s,, xi. .v7j. 
(L’,,.V,,.Y,,.~?,-Y4~, j.1’,..c.~,.1.3,.1.4,.V51. { ?‘(j 7 .1’7 3 .1‘4. J’s, .J’3 j. 
It is easy to verify that B, u B, is a covering of the pairs of W with 44 
blocks of size 5. Since L(29, 5, 2) = 41, we have L(29, 5,2) < C(29. 5, 2) < 
L(29, 5,2) + 3. 1 
LEMMA 6.2. L(53, 5,2)+ 1 d C(53, 5,2),< L(53,5. 2)+2. 
Proof Let S be the array in Fig. 6.2. S is a doubly resolvable (27, 3, I )- 
BIBD defined on I/= { 1, 2 ,..., 27 ). 
Add a new element x, to each subset in row i of S for i = 1, 2,..., 13 and 
add a new element yj to each subset in column i of S for i= 1, 2,..., 13. Let 
w= vu {x,, x2 ,...) x,~ } u {J, , yZ ,..., ~1,~ 1. Then j WI = 53. This construc- 
tion yields 117 blocks of size 5 on W. Denote this collection of blocks 
by B,. 
Let B, be the following collection of 13 blocks on the symbols 
(X,,Y5,Z(6,Y,0,Y,3), j”29Y3>YY,YlO>Y12f~ {x3, Y2? YX? Y,o* Yll:, 
1x4, J 2, .)‘3, Y7, Y,31\, IX5>Yd7~Y%Y,,L (%, ?‘S> Y7, YRY Yl?i? 
IX7rY411)II,Y,2,.~,31, {XX> Y,, Y4, Y53 YYf, {“SlY3.Y4Y6,.Y81T 
{~,OAYX~Y9~Y,3L iX,,,Y,,Y2~Y,,Y,2}, I-x,2r Y, 1 Y3, c’s> Yll 1, 
{x13, L’*, Y4? Y7, Y,“). 
Let B, be the colection of ten blocks in a covering of the pairs of 
ix*> x2,..., x,~} with blocks of size 5. 
The collection of blocks B, u B2 u B3 forms a covering of pairs of W 
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1 5 9 19 10 6 8 4 7 
2 16 13 23 15 14 18 12 11 
3 21 20 27 17 22 25 26 24 
4 1 20 7 8 12 2 3 9 
5 15 24 13 11 14 10 17 18 
6 26 25 19 23 16 21 22 27 
7 1 21 6 4 11 3 2 4 
8 17 22 12 16 13 10 15 14 
\ 1o 9 1 1 4 25 1 23 1 ] 24 1 , 26 1 3 27 1 2 19 1 18 1 8 
l-l- 13 11 412 7 12 
1 6 20 1 19 1 7 
5 4 9 1 18 624 14 26 9 16 727 13 23 21 22 425 1s 20 6 10 3 5 17 820 2 11 
15 1 23 26 8 22 25 27 19 20 
16 18 14 12 1 I1 I I 15 120 19 I 3 
17 10 11 6 13 15 23 14 12 
18 24 27 7 25 22 26 19 21 
19 3 2 5 9 1 4 7 10 
20 14 18 11 12 6 15 17 13 
21 25 22 26 24 8 23 27 16 
22 8 6 2 1 11 5 3 7 
23 15 18 4 12 14 10 13 16 
24 19 21 9 20 17 27 26 25 
25 6 8 3 1 12 2 9 4 
26 17 14 5 11 15 16 10 13 
19 m 7 21 18 24 23 22 
2 3 10 9 5 19 1 6 8 
13 16 14 15 17 24 4 11 12 
27 23 18 21 m 26 7 25 22 
7 11 4 lm 15 I2 13 11 I 1 8 
-14 -l5 -10 22 13 12 6 18 17 
21 16 25 27 24 19 9 23 26 
4 12 7 121 I3 I9 12 I 11 16 
18 13 10 23 11 16 5 14 15 
20 17 22 25 19 26 8 27 24 
9 5 2 3 7 4 8 6 1 
11 12 17 15 18 14 13 16 10 
22 25 23 27 26 24 21 20 19 
FIG. 6.2. DR(27, 3, l)-BlBD. 
with 140 blocks of size 5. Since L(53, 5,2) = 138, we have shown that 
C(53,5,2)<L(53,5,2)+2. The lower bound C(53, 5,2)>L(53,5,2)+ 1 
was proved in [Z]. a 
This construction is a special case of the next result which is proved in 
[S]. We will need the following definition. Let x be a positive integer and 
v= { 1, 2,..., 24x+3f.Let D bethe(12x+l)x(12x+l)arrayconstructed 
from a DR(24x + 3, 3, 1 )-BIBD defined on V. Add a new element yi to each 
empty cell in column i in D for i = 1,2,..., 12x + 1. Row i of D now contains 
a subset Si of cardinality 4x of Y = { y , , y, ,..., Y,*.~ + , }. Partition each sub- 
set Sj into x subsets of size 4 for i = 1, 2,..., 12x + 1. If this can be done so 
that the collection of 4 subsets formed is a ( 12x + 1,4, 1 )-BIBD defined on 
Y, then we say that the complement of D is a (12x + 1,4, 1 )-BIBD. 
hh 
.-._^-- 
C(v,5,2) for u z 1 and 2 module 1 
Y C(vA2) Restrictions on v RefereIlCe 
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100n-21 
lOOnc22 
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lOOn+26 
lOOn+29 
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lOOn+ 
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loon +50 
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lOOn+ 
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L(v,V) 
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L(u,W) 
L(vA2) 
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L(vWl 
L(vA2) 
L(v,5,2) 
L (VW) 
L(u,Q) 
L(+5,2) 
L(u,5,2) 
w,5,2) 
L(uW) 
L(v,5,2)+1 
w,5,2) 
L(vA2) 
L(u,5,2) 
L(v,V) 
L(u,V) 
+,5,2) 
L(v,5,2) 
L(u,5,2) 
b,5,2) 
L(v,5,2)+1 
L(u,V) 
L(v,5,2) 
L(v,5,2) 
L (~~5~2) 
L(u,W) 
L(~,W 
L(vA2) 
L h5,2) 
Lb5,2) 
L(v,5,2)+1 
L(v,W) 
L(7472) 
Lk,5,2) 
L(u,5,2) 
Lh5,2) 
Lb,5,2) 
Lh5,2) 
Lh5,2) 
Lh5,2) 
L(v,5,2)+1 
Lh5,2) 
Lh5,2) 
Llu.5,2) 
Theorem 1.1 
BE3D 
Theorem 1.1 
Lemma 5.4 (i) 
Lemma 1.2 
Lemma 1.2 
Lemma 1.2 
Gardner ‘21, Lemma 1.2 
Gardner ‘21, Lemma 1.2 
BIBD 
Theorem 1.1 
BIBD 
Theorem 1.1 
Lemma 5.4 (ii) 
Theorem 5.6 
Lemma 5.7 (i) 
Lemma 5.9 (ij 
Lemma 5.11 (i) 
Theorem 5.13 
BIBD 
Theorem 1.1 
BIBD 
Theorem 1.1 
Lemma 5.4 (iii) 
Theorem 5.6 
Lemma 5.7 (ii) 
Lemma 5.9 (ii) 
Lemma 5.11 (ii) 
Theorem 5.13 
BIBD 
Theorem 1.1 
BIBD 
Theorem 1.1 
Lemma 5.4 (iv) 
Theorem 5.6 
Lemma 5.7 (iii) 
Lemma 5.9 (iii) 
Lemma 5.11 (iii) 
Theorem 5.13 
BIBD 
Theorem 1.1 
BIBD 
Theorem 1 .l 
Lemma 5.4 (v) 
Theorem 5.6 
Lemma 1.2 
Lemma 1.2 
Gardner 121, Lemma 1.2 
Gardner 121, Lemma 1.2 
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LEMMA 6.3 [S]. Let b be a positive integer and let D be the array con- 
structed from a DR(24n + 3, 3, l)-BIBD. Z’ the complement of D is a 
(12n+1,4,1)-BIBDandifC(12n+1,5,2)=L(12n+1,5,2)+swheresis 
a nonnegative integer, then C(48n + 5, 5,2) < L(48n + 5, 5,2) + s. 
7. SUMMARY 
In this section, we summarize the known results for covering the pairs of 
a u element set with quintuples when u E 1 or 2 modulo 4. For u = 2 
modulo 4 we have proved the following: 
THEOREM 7.1. Zf c’ E 2 (mod 4) and u # 270,274, then C(u, 5,2) = 
L(v, 5, 2). 
In Table I, we list the values of c’ according to their congruence class 
modulo 100 for which C(u, 5, 2) has been determined. In this listing, n 
denotes a nonnegative integer. 
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